One contribution of 14 to a theme issue 'Modelling of dynamic phenomena and localization in structured media (part 1)' .
Introduction
Microstructure is a powerful concept that is currently driving the design of mechanical metamaterials capable of controlling vibrations and enabling various dynamic effects, having analogues in electromagnetism and optics, for a wide variety of applications. Many of these effects have been shown to be achievable in periodic systems formed from arrays of masses connected by elastic rods. Here, we consider an elastically supported one-dimensional discrete flexural system, where the contribution of the rotational inertia at the nodal points is taken into account. In particular, we show that the support stiffness and rotational inertia can combine to create special dynamic phenomena. Euler-Bernoulli (EB) structures have been analysed in great detail in [1] , including effects of pre-stress and damage in [2, 3] .
Recently, there has been an effort to design microstructured flexural materials that use Rayleigh beams, i.e. beam elements with rotational inertia [4] . In flexural systems, this physical property is significant in obtaining effects including negative refraction, dynamic anisotropy and neutrality brought by dispersive degeneracies, as shown in [5] for two-dimensional networks of Rayleigh beams. Methods for creating focusing and localization by using Rayleigh beam-made waveguides in square-cell lattices have been demonstrated in [6] , while transmission problems for a hexagonal Rayleigh beam-lattice interface have been studied in [7] . Furthermore, flexural systems allow for the modelling of mechanical phenomena not usually encountered in spring systems adding a greater flexibility in designing methods for achieving special dispersive properties. In this sense, we mention the in-plane lattice problem considered in [8] , where the use of prestressed Rayleigh beams and concentrated pulsating moments were used to achieve topological modes and the design of an efficient flat lens, and [9] where a recipe for tuning the mechanical properties of a flexural lattice to obtain dynamic anisotropy and 'isotropization' is described. The Lagrangian approach to modelling the dynamic response of structured flexural chiral materials has been used in [10] , where the influence of resonators on the lattice acoustic behaviour was studied and in [11] , where vibration of lattices with distributed masses with rotational inertia was also investigated with micro-polar continuum approximations of the lattice. Asymptotic approximations have been employed in [12] to determine the dispersive nature of chiral auxetic beam lattices containing resonators.
Flexural structures have a great range of applicability. In addition to representing the microstructure of flexural medium, they also possess applications in the design of large scale structures found in structural engineering such as bridges and buildings [13, 14] . Additionally, waves in discrete systems may initiate, support or enhance failure modes [15] . The bending modes of two-dimensional flexural systems with stationary cracks have been considered in [16] . The response of a three-dimensional flexural structure with a static crack subjected to mode III loading is investigated in [17] . A class of mass-beam systems undergoing phase transition in response to gravitational or thermal loads have been recently studied in [18] [19] [20] . Analytical and numerical studies of mass-beam systems undergoing collapse sustained by vibrational loads have appeared in [21, 22] . The analysis of quasi-static damage propagation in two-dimensional beam lattices has been carried out in [23, 24] .
Here, we consider a particular one-dimensional discrete flexural system, formed from massless beams connecting periodically placed masses as in figure 1. We show this structure possesses several special dynamic features with various technological applications, arising from the combination of the rotational inertia introduced at the junctions and the properties of the transverse supports. Moreover, the rotational inertia brings high-frequency passbands implying that additional failure modes supported by high-frequency loads may be sustained by this medium.
In §2, the structure and the equations governing its motion are presented. In §3, we consider the low-frequency limit of the medium and we show this system represents a Rayleigh beam supported by a Winkler foundation. Through a parametric analysis, we completely characterize the dispersive nature of the medium and show that the interplay of the support stiffness and rotational inertia can lead to special dynamic features (see §4). Finally, in §5, we give some conclusions. The dynamic behaviour of the microstructured medium is governed by the momentum balances of the m-th mass inside the structure. The linear momentum balance has the form We assume that the masses do not rotate about the x-axis as the structure vibrates. In this case, neglecting the torsional contribution of the longitudinal elements, the angular momentum balance about the x-axis reduces to the trivial identity
where M x,± m are the bending moments transmitted by the lateral ligaments (figure 1b). 3 The uncoupled problems concerning longitudinal and transverse vibrations along the x-axis and y-axis are not considered.
The above equations can be expressed in terms of the generalized coordinates governing the motions of the masses in the structure. As shown in the electronic supplementary material, (2.1) and (2.2) are written in terms of kinematic variables as follows 
Rayleigh beam on an elastic foundation
In the long-wavelength limit, the structure in figure 1 approximates the Rayleigh beam on an elastic foundation. As shown in the electronic supplementary material, within the lowfrequency regime, the equations (2.4) governing the motion of the structure approximate the equation
representing a Rayleigh beam resting on an elastic foundation (see, for example, [4] ). Here, the effective quantities associated with a continuous beam are the density per unit length μ eff = M/l, the flexural stiffness D eff = D, the rotational inertia of the cross-section J eff = I y /l and the stiffness of the elastic foundation eff = 24D/(L 3 l). 
(see [4, Section 3.4 
] and [25]). Introducinḡ
we obtain the normalized dispersion relation
This function is shown in figure 2. All curves have at the cut-off frequency at the minimum located at
Interestingly, the group velocity is negative in the interval 0 <k <k * and bounded above bȳ α −1/2 , for largek. Ifᾱ = 0, then the dispersion curve reduces to that for the classical case of an EB beam on an elastic foundation and the corresponding dispersion curve is the grey line in figure 2 .
Below, we consider waves propagating in the multi-structure of §2. We will show the analogies between the continuous and discrete media considered here and the additional features introduced by the microstructure, including degeneracies where Dirac points can occur. 
Wave propagation in the multi-structure
We return now to the elastically supported flexural multi-structure considered in §2 (figure 1). The displacements and rotations at the nodal points satisfy the governing equations (2.4). We search for nodal displacements and rotations in the form
where ω is the frequency of vibration and k the wavenumber. The following normalization is adopted:ω
In going forward, the tilde will be omitted for ease of notation unless otherwise stated. Then, in the absence of external loads, balances (2.4) lead to
with the following definition of the normalized stiffness of the supports:
We then have
that is combined with (4.1) to obtain
where
(a) Dispersion properties of a supported mass-beam chain
Free waves inside the structure are determined from the non-trivial solutions of the homogeneous equation (4.4). Such solutions correspond to zeros of the function ζ in (4.4), which is satisfied when the radian frequency is
Note that the expression under the radical of (ω (±) ) 2 is non-negative for any real k. We also have the inequality is the ratio between the length scale in the multi-structure to the typical length scale of the continuum approximation. Moreover, we have also assumed the following choices for the micro-structural parametersD
Therefore, according to § 3, we have
We note in figure 3 , in taking δ → 0 (the long-wavelength regime), ω (−) converges to the dispersion curve for the continuous Rayleigh beam (3.4), as expected on physical grounds. On the other hand, ω (+) diverges. Polarization of the eigenmodes is briefly discussed in part (c) of the electronic supplementary material.
(i) Parametric study of dispersion properties
Here, the influence of the normalized moment of inertia I and the normalized stiffness of the supports r on the dispersive properties of the discrete medium is discussed in detail. The structure admits two dispersion curves, in contrast with the microstructured EB type model [18] , corresponding to the limit I → 0, and to the continuous EB and Rayleigh beam models, where only a single dispersion curve exists. The extra band reflects the presence of the rotational inertia I at the junctions, leading to the system being capable of supporting additional vibrations and failure modes (see [15] ). The second band reflects the interaction of the waves with the internal microstructure at the meso-scale. Namely, it can be identified with Bragg scattering. As shown in the previous section, the second band is absent in the continuum limit, since ω (+) diverges when k → 0. For the band distribution of the structure, we distinguish three different classes of regimes in the parametric space defined by I and r. These regimes are -low stiffness r in the supports (LS) and/or low rotational inertia I of the masses (LI); -high stiffness (HS) and/or high rotational inertia (HI); -a transition one.
In figure 4 In the lower (LI, LS) and higher (HS, HI) regimes, the two passbands depend on a single parameter, either r or I. One band matches the band of an elastically supported EB structure without rotational inertia, whose bounds are indicated with dashed lines in figures 4 and 5, whereas the other matches the band of the unsupported structure with rotational inertia, whose bounds are indicated with dot-dashed lines. In the LI and LS regimes, the acoustical band is governed by r and the optical band by I. On the other hand, in the HI and HS regimes, the dependency is the contrary and the high rotational inertia induces a low-frequency acoustic band of finite width. Such a configuration suggests possible applications to the construction of metamaterials with arrays of resonators, which are usually limited in their technological application as they possess narrow bands [1, [26] [27] [28] [29] .
Clearly, for r > 0, there is a zero frequency stop band with the cut-off frequency min ω (−) (k). In the next subsection, we will detail the position of this minimum in the reciprocal space. The LI and LS regimes exist for r > 0, I > 0 and are bounded above by the point A.1 (table 1) In this regime, the pass bands can also merge to form a single pass band in correspondence of the Dirac points A.1 and B.3 (see [30] [31] [32] [33] ).
Within this regime, the finite width of the central band gap is modulated by r and I. The maximum width is achieved when r ≥ 1 and I ≥ 1/6. It is equal to the width of the EB passband for r ≥ 1 ( figure 5c,d) , and to the width of the unsupported structure for I ≥ 1/6 ( figure 4c,d) . It is noted that B.2 is not defined if I ≥ 1/4.
In order to maximize the filtering properties of the system, we can minimize the width of the passbands, as shown in the vicinity of A.2 and B.2 in figures 4 and 5. The filtering properties of the structure are maximized when these points coincide for (r, I) = (1, 1/6 ). In this case, the total width of the frequency intervals supporting waves inside the structure reaches a minimum, limiting possibilities for wave propagation into the medium.
We consider now the case where the masses of the nodes are small with respect to the inertia I y . This configuration is difficult to obtain: for example, in the case of cubic nodes with dimension d, (Ml 2 )/I y 10 * (l/d) 2 1. Then, with the adoption of a different normalization, it can be shown that, when (Ml 2 )/I y → 0, the band corresponding to elastically supported EB structures diverges to infinity and a single dispersion curve remains. This result is consistent with the behaviour, when k → 0, of the dispersion relation (3.2) for the long-wavelength limit.
In classical EB structures, two passbands can be obtained by introducing two types of masses, but in such a case, the interaction between the passbands in the transition regime is not present. The transition regime obtained here incorporates finite stop bands governed by the limiting cases I → 0 and r = 0 and the appearance of Dirac points. Moreover, the proposed microstructure may exhibit additional stationary points along the dispersion curves inside the first Brillouin zone and not only at the boundaries of the zone. The presence of these additional stationary points may lead to the initiation and support of several distinct classes of failure regimes in the medium [15] .
(ii) Special properties of the dispersion curves Stationary points of dispersion curves. The solutions ω (±) in equation (4.6) can have stationary points in the interior of the Brillouin zone. We define the wavenumbers k ± by
Domains in the (r, I) space, where the stationary points exist, are indicated by I-IV in figure 6 . For I > 0, 0 < r < (1 + 6I)/(6I) the function ω (−) has a global minimum at the wavenumber Figure 7 . Dispersion curves in the first Brillouin zone. Each diagram is a representative of the dispersion curves in regions (specified in figure 6 ) I to VI in (a) to (f ), respectively. The wavenumbers k ± , given in (4.11), (4.12) are also shown and correspond to the stationary points indicated by circles.
In regions I, II and IV, there is only one interior stationary point belonging to either ω (−) or ω (+) . In regions I and IV, the coordinates of the global minimum are (k − , ω (−) (k − )) and (k + , ω (−) (k + )), respectively, whereas in region II the global maximum is at (k + , ω (+) (k + )). Examples corresponding to these cases are shown in figures 7a,d and b, respectively.
In region III, starting at P 1 = (1/12, 3) in figure 6 , both global maximum and minimum are in the interior of the first Brillouin zone, as reported in figure 7c. Inside this region, for 1/12 < I ≤ 1/6 the coordinates of the stationary points are (k − , ω (−) (k − )) and (k + , ω (+) (k + )), while for I > 1/6 the coordinates of these points are (k + , ω (−) (k + )) and (k − , ω (+) (k − )) and the wavenumbers k ± have been interchanged. Moreover, if 1/12 < I ≤ 1/6, and r is increased inside region III, the stationary points k ± for ω (±) move from 0 to π inside the Brillouin zone. In particular, I = 1/6 represents a critical value where this interchange of k + and k − occurs and the wavenumbers of the stationary points coincide.
The regions V and VI in figure 6 correspond to the case where k ± in (4.11) and (4.12) are not real and the dispersion curves retain the classical stationary points at the boundary of the Brillouin zones (figures 7e,f ). Curves 
and
When the stop band closes at A.1 and B.3, Dirac points emerge at k = 0 and k = π in the dispersion curves, respectively. At these points, the group velocity associated with the dispersion curves is discontinuous, as shown in figures 8 and 9. The Dirac points arise when I and r are chosen to be situated along curves 1 and 2 in figure 6 . Figure 8 demonstrates how the Dirac point emerges at k = π for a particular value of r, when I is chosen in the vicinity of I 1 . There, it is clear that when I = I 1 the Dirac point is situated at π (indicated by an arrow in the central panel of figure 8 ). The value of frequency at which the Dirac point occurs is ω = 2 6(r + 2), (4.14) and the group velocity of ω (−) (ω (+) ) as k = π is approached from the left and the right is ±3 (∓3). Thus, the frequency (4.14) is dependent on the material parameters of the structure, whereas the group velocity from the left and the right of the Dirac point is not. Similar features can be observed for I = I 2 where the Dirac point is located at k = 0, (see central panel of figure 9 ). The value of frequency where this Dirac point appears is
which is smaller than the frequency (4.14). Additionally, the group velocity of ω (−) (ω (+) ) as k → 0 from the left and right is ± √ 3 (∓ √ 3), and these values are again independent of r. Perturbing I about value I 2 leads to a stop band emerging at k = 0; the effect is not as strong as in the case when I is close to I 1 .
Conclusion
We have determined the dispersion properties of a discretely supported flexural system possessing rotational inertia, representing a simplified model of a civil engineering structure such as a bridge [14] .
In the long-wavelength regime, this medium can be interpreted as a continuous Rayleigh beam, with a continuous distribution of rotational inertia, resting on a Winkler foundation. The rotational inertia of the microstructure provides the medium with the potential to support highfrequency waves, that can trigger and support additional failure modes of the medium (see [15] ). The presence of additional stationary points in the irreducible Brillouin zone has been fully described, since it can influence the dynamic propagation of failure.
Three different regimes have been identified in the parametric space (I, r), where the acoustic and the optical modes may interact to a different extent. By modulating the rotational inertia I and the support stiffness r, it is possible to maximize the filtering properties of the mechanical system opening large band gaps at low frequencies, a property that confirms the findings in [1] .
The complete study of the interplay between the parameters governing the stiffness of the supports and the rotational inertia has revealed a variety of important dynamic properties possessed by the structure, which also includes dispersion degeneracies currently driving the design of efficient topological insulators for earthquake protection [34, 35] . This investigation has provided a recipe for manipulating the properties of the medium to obtain dynamic properties for a variety of technological applications.
Interestingly, while the frequency at Dirac points is governed by the rotational inertia and support stiffness the group velocity at these points is not. 
